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Effect of a magnetic field on the wake potential in a dusty plasma with streaming ions
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The wake potential of a test dust particulate due to an ion cyclotron wave in a dusty plasma with streaming
ions is calculated. The role of the external magnetic field on the periodic attractive forces is clarified. The
amplitude of wake potential is reduced because the overshielding by streaming ions is inhibited in the presence
of the external magnetic field.
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It is now increasingly clear that the periodic attracti
forces among the same polarity dust particulates play an
portant role in the dust plasma crystal formation. Dust C
lomb crystal formation is attracting a great interest amo
the plasma physics community in recent years@1–6#, with a
view to creating new materials for the future. It is not clea
understood why the dust grains of the same charge at
each other and form a crystal lattice in the laboratory con
tions.

A number of authors have attempted to explain the p
odic attractive forces among the same polarity charges in
literature. Hamaguchi and Farouki@7# considered dielectric
polarization of grains in the sheaths around them mak
them electric dipoles that attract each other. Mohideenet al.
@8# have explained the attractive force between the colum
of grains in the sheath due to the electric-field-induc
dipole-dipole interaction giving rise to the lattice structure
dusty-plasma Coulomb crystal formation. Melandso a
Goree @9# explained the origin of attraction among du
grains by considering the focusing of ions flowing in t
sheath due to deflection of ion orbits by the highly negativ
charged dust grains. Another theory@10–13# of wake poten-
tial involving the resonant collective interaction of movin
grains with the dusty plasma modes, may explain the p
ence of periodic attractive forces along the line of motion
the dust grains. Vladimirov and Nambu@12# showed that the
charged dust particulates in unmagnetized plasmas with
nite ion flows can attract each other due to collective int
action involving the ion oscillation in the flow. Low
frequency electrostatic fluctuations@14# as well as pairs of
particulates with small separation have also been observe
addition to the formation of the macroscopic Coulomb cr
tals of solid particles and particle coagulation. A number
studies@10–13# have shown theoretically the particulate a
traction to be operative due to the collective interaction
the charged particles with the plasma modes of the du
plasmas similar to the formation of Cooper pairs@15# in
superconductors due to the presence of the low-freque
electrostatic waves.

*Permanent address: Department of Physics, Jahangirnagar
versity, Savar, Dhaka-1342, Bangladesh.
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Recently, Takahashiet al. @16# have demonstrated exper
mentally the formation of dust Coulomb crystals due to wa
potential in a plasma with a finite ion flow. The experimen
results by optical manipulations agree with the prediction
the importance of the wake potential in dusty plasmas. T
showed that a dust particulate located in the up stream of
flows caused an attractive force on another dust particulat
the lower part. It has been found that many dust particula
are strongly correlated in the vertical direction along the
flow.

The purpose of this paper is to study the wake poten
causing the formation of Coulomb lattice of dust grains
the presence of a static external magnetic field with a c
tinuous flow of ions as in a sheath region of a laborato
dust-crystal experiment. Generally speaking, we have
cases. The first one is that the test particle velocity is m
larger than the ion streaming velocity, which was studied
Shukla and Salimullah@17#. The second case occurs whe
the test dust particulate is stationary. In this paper, we fo
on the second case because it corresponds to the real la
tory experiment on plasma crystal. Furthermore, we cons
the externally applied uniform magnetic field perpendicu
to the shealth plane in Case A, and parallel to the she
plane in Case B, separately.

CASE A: „ ẑiuioiBo…

We consider a homogeneous dusty plasma embedded
uniform external magnetic field perpendicular to the she
plane where ions are flowing with a constant velocityuio

along the magnetic-field lines (ẑiuioiBo). We assume tha
the electrons form a Boltzmann gas at the laboratory te
perature, ions are having driftuio , and the highly charged
and relatively massive dust grains are taken cold and unm
netized. Furthermore, we assume the influence of the dus
the dielectric response function can be neglected as we
sider the wave interaction in the ion scale. The presenc
the charged dust grains only introduces the nonneutrality
the electrons and ion densities in the magnetized du
plasma. The resonant interaction of the grains and
Doppler-shifted ion-cyclotron wave can give rise to the wa
potential under consideration.
ni-
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The dielectric response function, in the presence of
low-frequency electrostatic ion-cyclotron wave (v,k), is
given by

e~v,k!511
1

k2lD
2

1
k'

2

k2

vpi
2

vci
2 2~v2kiuio!2

, ~1!

where we assumek'
2 @ki

2 . Throughout this paper, the sym
bol i(') denotes a quantity parallel~perpendicular! to the
ion flow, which is perpendicular to the shealth plane. In E
~1!, lD

2 5Te/4pe2neo , vpi
2 54pe2nio /mi , and vci

5eBo /mic; e, Te , me , mi , neo , nio , andc are the elec-
tronic charge, temperature of electrons, mass of an electr
mass of an ion, number density of electrons, number den
of ions, and light velocity, respectively.

Here, we show the limit of applicability of our mode
There are a number of scale lengths in the problem suc
electron Debye length (lD), the intergrain distance~d!, the
electron mean-free-path (lm f p), and the characteristic size o
the system (L). We assume the following physical domain
in the problemlD,d!L,lm f p . More explicitly, we are
considering a dusty plasma in the presence of an electros
ion-cyclotron wave, wherek'v te!vce ~or re!k'

21) and
v(>vci)/ki!v te . Here vce ,re are the electron cyclotron
frequency and electron Larmor radius, respectively. Un
the above two conditions, the thermal electrons can be c
sidered to be unmagnetized, and the electron susceptibili
given byxe51/k2lD

2 . However, in the perpendicular direc
tion, re!k'

21 andk';rs
21!r21, wherers5cs /vci andr

is the perpendicular distance.
The electrostatic potential around a test dust particulat

the presence of the electrostatic mode (v,k) in a uniformly
magnetized dusty plasma whose response function is g
by e(v,k), Eq. ~1! is given by@10,18#

F~x,t !5E qt

2p2k2

d~v2k•vt!

e~v,k!
exp~ ik•r !d k dv, ~2!

where r5x2vtt, vt is the velocity vector of the test dus
particulate, andqt is its charge. For the ion-cyclotron wav
the inverse of the dielectric-response function, Eq.~1! is
given by

1

e~v,k!
5

k2lD
2

11k2lD
2 F11

vk
2

~v2kiuio!22vci
2 2vk

2G , ~3!

where vk
25k'

2 cs
2/(11k2lD

2 ), and cs5lDvpi is the ion
sound velocity. Substituting Eq.~3! into Eq.~2! and carrying
out the integration following the standard procedures@10–
13#, we obtain the total potential as the sum of two potenti
F5Fc1Fw , where the Coulombian part turns out to b
Fc5(qt /r )exp(2r/lD).

The non-Coulombian potential involving the collective i
teraction between the ion-cyclotron wave and a slowly m
ing or static test dust particulate withvti ẑ can be calculated
from
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Fw~r,j!5S qt

p D E d~v2kiv t!

k21kd
2

vk
2Jo~k'r!

~v2kiuio!22~vci
2 1vk

2!

3exp~ ik ij!k' dk' dki dv, ~4!

wherej5z2v tt, kd51/lD , andJo is the zero-order Besse
function of the first kind. On carrying out thev integrations,
we obtain from Eq.~4!

Fw~r,j!5S qt

p D E 1

k21kd
2

vk
2Jo~k'r!

~kiuio!22~vci
2 1vk

2!

3exp~ ik iz!k' dk' dki . ~5!

Here, we assumekiv t'0, which corresponds to the secon
case of stationary test dust particulate mentioned above
troducing the dimensionless notationK5klD , we get

Fw~r,j!5S qt

plD
D E 1

K211
JoS K'r

lD
D

3
K'

2 M 22

~K i
22K1

2!~K i
21K0

2!
expS iK iz

lD
DK'dK'dKi ,

~6!

where

K0,1
2 56S 12

M 22

f
1K'

2 DY21FK'
2 M 221

M 22~11K'
2 !

f

1S 12
M 22

f
1K'

2 D 2Y4G1/2

. ~7!

Here, M5uio /cs is the Mach number, andf 5vpi
2 /vci

2

5c2/vA
2@1, c and vA are light velocity and the Alfven ve-

locity, respectively.
For 1.K'

2 , f 5c2/vA
2@1, andM.1, the dominant con-

tribution of Eq.~7! reduces to

K0
2'1, K1

2'

K'
2 1

1

f

M2
. ~8!

We must note that the characteristic wave number of the
cyclotron wavek''rs

21 , wherers5cs /vci . Accordingly,
we findK'

2 '1/f . We now obtain the oscillating wake poten
tial that originates from the residues at the poles atK i5
6K1 in Eq. ~6!. We note that contribution from the poles
K i56 iK 0 shows the change of the effective Debye leng
in plasmas. Then we obtain

Fw~r50,z!

5
22qt

MlD
E

0

1 K'
3

~K'
2 11/f !1/2

sinH ~K'
2 11/f !1/2z

MlD
J dK' .

~9!
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By repeating partial integrations, we get from Eq.~9!

Fw~r50,z!5
2qt

z F cosH ~111/f !1/2z

MlD
J

1
2MlD

z SA1

f
sinH z

f 1/2MlD
J

2A11
1

f
sinH ~111/f !1/2z

MlD
J D

1
2M2lD

2

z2 S cosH z

f 1/2MlD
J

2cosH ~111/f !1/2z

MlD
J D G . ~10!

For z.MlD , the dominant wake potential comes from t
first term of Eq.~10! as

Fw~r50,z!'
2qt

z
cosS z

L0
D , ~11!

whereL05MlD(111/f )21/2 is the effective length. Equa
tion ~11! shows the wake potential due to ion-cyclotro
waves in a dusty plasma when the test particulate is stat
ary. Here, we compare Eq.~11! with that of unmagnetized
plasma case†Eq. ~11! of Ref. @12#‡, where the dominan
wake potential is given by Fw(r50,z)'2qt /z(1
2M 22)cos(z/Ls), hereLs5lDAM221. The amplitude ra-
tio of wake potential @R05(amplitude for magnetized
plasma for case A!/~amplitude for unmagnetized plasma!#
reduces to

R05~12M 22!3/2,1. ~12!

Furthermore, the ratio of effective length is given byL0 /Ls

5(111/f )21/2(M /AM221), which is larger than unity, be
cause f 5vpi

2 /vci
2 5c2/vA

2@1. Thus, the external magnet
field parallel to the ion flow direction reduces the amplitu
of wake potential whenM.1.

CASE B: „ ẑiuio�Bo…

Next we consider the case where the external magn
field is in thex direction with k5kxx̂1kyŷ1kiẑ, whereki

5kzẑiuio andk'5Akx
21ky

2. Here, the symboli(') denotes
a quantity parallel~perpendicular! to the ion flow, which is
perpendicular to the external magnetic field.

In obtaining the ion dielectric response, the approximat
ki@ky is made. This means that dominant wave vector p
pendicular to the external magnetic field associated with
ion cyclotron wave is in the z direction parallel to the io
beam direction. This is often used in the modified tw
stream instability~cross field instability! @19#. This approxi-
mation is also related to the validity of neglect ofE3B drift.
We have here chosen the dc magnetic field perpendicula
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the ion streaming direction. The electric field~E! is in z
direction andBo is in x direction. Thus,E* B drift is in y
direction and drift velocity is given byvd5cE/Bo . Here, we
assumeki /ky@vd /uio . For example, for considerably larg
Bo , vd is small compared touio;cs , and may be neglected
For example, in Ref.@20#, various parameters areBo54 T,
the radial electric fieldEr5100 V/m, and the ion streaming
velocity uio5103 m/s. Thus, we findvd525 m /s!uio
5103 m/s. In other words, we focus our attention to stu
the vertical structure of the wake potential associated w
the ion stream. However, under the reverse conditionki /ky
!vd /uio , the E* B drift would give an important effect on
the structure in the horizontal plane. For example, sev
laboratory experiments@21–23# have shown the effects o
poloidal ion flows associated withE* B drift on dust particle
behavior in magnetized plasmas. They explained the rota
of the dust particle in terms of small radialE component and
the vertical magnetic fieldBo . The quantitative estimate o
this rotation is yet to be estimated and is beyond the scop
the present paper.

Then, under the above appoximation, the dielectric
sponse function, in the presence of the low-frequency e
trostatic ion-cyclotron wave (v,k), is given by

e511
1

k2lD
2

1
ki

2

k2

vpi
2

vci
2 2~v2kiuio!2

. ~13!

After the similar analysis as in case A, we obtain t
non-Coulombian potential as

Fw~r,z!5S qt

plD
D E 1

K211
JoS K'r

lD
D

3
K i

2M 22

~K i
22K1

2!~K i
21K0

2!
expS iK iz

lD
DK'dK'dKi ,

~14!

where

K0,1
2 56S 12M 221K'

2 2
M 22

f D Y 21FM 22

f
~11K'

2 !

1S 12M 221K'
2 2

M 22

f D 2Y 4G1/2

. ~15!

For M.1, M 22/ f 5vci
2 lD

2 /uio
2 !1, andK'

2 ,1, we find
the dominant contribution of Eq.~15! as

K0
2'1, K1

2'
1

f ~M221!
. ~16!

Furthermore, we get the wake potential from the contribut
at the poles atK i56K1 in Eq. ~14!

Fw~r50,z!5
2qt

MAM221
S vci

uio
D sin~z/L1!, ~17!
3-3



e
he
f

on
iz
b
e
w
l
a
f

ge
er
e
ld
f t

el

tio
ar
t
lie

in

ith
tive
we

llel
tial
d
for

th of
ish
eld,
st-

ls,
e
d
e

es
rm
ur
erti-
e-
ions
tal

Y.
the
on
the
o-

in-

M. NAMBU, M. SALIMULLAH, AND R. BINGHAM PHYSICAL REVIEW E 63 056403
whereL15Af (M221)lD is the effective length. When th
externally applied uniform magnetic field is parallel to t
shealth plane, the wake potential is a sensitive function oM
and f. The amplitude ratio of wake potential@R1
5(amplitude for magnetized plasma for case B atz
5MlD)/(amplitude for unmagnetized plasma!# is

R15
AM221

2M3Af
!1. ~18!

Furthermore, the ratio of effective length is given byL1 /Ls

5Af ), which is much larger than unity, becausef
5vpi

2 /vci
2 5c2/vA

2@1.
This means that the wake potential with ion-cyclotr

waves becomes weak and the effective length for magnet
plasma is large under the laboratory plasma condition
cause f @1. The reason why the wake potential becom
weak for magnetized plasma can be explained as follo
The mechanism of attractive forces due to wake potentia
quite similar to that of the Cooper pairing. The physic
mechanism is the overshielding caused by streaming ions
downstream direction from the test static negatively char
dust particulate. For the magnetized plasmas consid
here, the ions motion is more or less influenced by the
ternal magnetic field. Thus, the condition for the overshie
ing due to ions, which is necessary for the appearance o
attractive forces, is not easily satisfied.

To conclude, we have studied the effect of magnetic fi
due to ion-cyclotron waves on the wake potential (Fw) in a
dusty plasma with streaming ions. We focused our atten
on the situation when the test dust particulate is station
because it corresponds to the real laboratory experimen
plasma crystal. First, we considered the externally app
r-

.
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uniform magnetic field perpendicular to the shealth plane
case A. As is shown by Eq.~12!, the amplitude of the wake
potential for a magnetized plasma is small as compared w
that of an unmagnetized plasma. Furthermore, the effec
length for the magnetized case becomes larger. Next,
studied the externally applied uniform magnetic field para
to the shealth plane in case B. The attractive wake poten
given by Eq.~17! is much smaller than that for unmagnetize
case. It is found the effective length becomes much larger
magnetized plasmas. Thus, depending upon the streng
the magnetic field, a given dust crystal structure may van
because of the application of the transverse magnetic fi
resulting into a new method of phase transition in the du
Coulomb crystals.

The total potential is given by the sum of two potentia
F5Fc1Fw , where the Coulombian part turns out to b
Fc5(qt /r )exp(2r/lD), which is the same for unmagnetize
plasmas@12#. As is found by this paper, the attractive wak
potential (Fw) is small and the effective length becom
large for magnetized plasmas when the external unifo
magnetic field is applied. Thus, we may conclude from o
paper that the spacing between dust particulates in the v
cal direction along the ion flow in dust-Coulomb crystal b
comes large for magnetized plasmas. These predict
should be compared with the future laboratory dust-crys
experiment.
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